The strain gradient approach is incorporated into the M-K method for the deformation localization analysis and the prediction of the forming limit diagram (FLD) during sheet metal forming. This approach introduces an internal length scale into conventional constitutive equations and takes into account the effects of deformation inhomogeneity. It thus overcomes the imperfection sensitivity encountered in the conventional M-K method. The comparison between experimental and theoretical results for FLDs as predicted by different methods, indicates that the present approach is most suitable for these problems.
INTRODUCTION
The formability of sheet metal is limited by its deformation localization property and commonly described by the so-called forming limit diagram (FLD). Theoretical analysis for FLD was first developed on the basis of bifurcation analysis and incremental plasticity theory for a geometrically perfect and rate-independent sheet metal under uniform plane stress conditions [1] [2] . This analysis, however, predicts that localized necking in bi-axially stretched sheets occurs only for principal strain states varying between uniaxial tension ^ = = "^3] an d plane strain ^ε^ = -ε^, ε^ = Oj deformation. When both principal strains are positive, it predicts infinite ductility, which is contradicted with experimental results. In order to overcome this drawback, two different approaches have been developed. One approach is to incorporate a J 2 deformation theory of plasticity into the classical bifurcation analysis [3] . In certain cases, this theory gives good agreement with experimental data, as it becomes equivalent to a flow theory with yield surface corners. Since only the incipient localized neck on the initially homogeneous sheet is considered in the bifurcation analysis (with the assumption of proportional loading), this approach is limited to the calculation of forming limits under proportional strain conditions only. Another approach, the so-called M-K method, postulates that localized necking initiates from a pre-existing geometrical or material imperfection [4] , In most cases, the M-K approach underestimates the limit strain for deformation states close to plane strain condition but overestimates it in the region near equi-biaxial stretching (εj = εImprovements to the M-K approach have been made in order to obtain better agreement with experimental data [5] [6] .
Detailed studies on these two approaches using both deformation and flow theory of plasticity reveal a deficiency of the localized necking analysis associated with imperfection-sensitivity. Moreover, they cannot give a detailed description of the profile, especially after initiation of localized necking. In order to obtain more accurate predictions for the limit strain, a more suitable constitutive relation is needed. Such a constitutive relation was advanced by Aifantis and co-workers [7] [8] [9] [10] [11] [12] by incorporating higher-order strain gradient terms into the flow stress or the yield condition. The higher-order strain gradient terms have a significant effect in the localized deformation region, but they are unimportant in the uniform deformation regime. This allows for the use of a unified constitutive equation to describe the different material behavior inside and outside the localization region. In numerical calculations, the aforementioned mesh-sensitivity is removed by using the strain gradient approach, so that we can study the evolution of the necking process in detail after neck initiation.
In this paper, instability analysis is performed by considering the necking behavior in both pre-and postlocalization regimes for the determination of FLD. The strain gradient is incorporated into the conventional M-K analysis to remove the imperfection-sensitivity and formulate a relationship between neck profile and limit strain. In Section 2, the strain gradient approach is introduced into the analysis of necking in sheet metal forming. In Section 3 a general framework for neck analysis is formulated. In Sections 4 and 5, diffuse neck profiles and limit strains for localized neck profiles corresponding to different loading conditions are discussed in detail. Finally, In Section 6, neck behavior and strain gradient effects on FLD are discussed and compared with available experimental data.
Deformation State and Constitutive Relations
Consider a metal sheet subjected to biaxial tension in the 1 and 2 direction and having a deformation nonuniformity in the form of a neck which is initially inclined at an angle ψ , as shown in Fig. 1 . The points A and Β represent the locations of two cross-sections in the uniform region and inside the neck, respectively. The strain rate in the necking direction is assumed to be the same inside and outside the neck
while the other non-trivial strain rate components inside the imperfection read
For the assumed deformation state of plane stress deformation, Hill's yield criterion [1] for sheet metal forming implies the following form of yield condition
where X is the yield stress in uniaxial tension along the x-direction, ή o^J is the yield function, and the quantity R denotes the anisotropy coefficient defined as R = dz^/dz^ in uniaxial tension. According to the flow rule, the strain rate and stress obey the following relations The strain rate in the thickness direction is obtained from the incompressibility condition έ +έ +έ = 0. (8) χ y ζ and the total effective strain is obtained by the following integration formula (9) To complete the analysis, a constitutive relation for effective or flow stress should be given. A power hardening law is commonly used to describe material behavior in sheet metal applications. However, this or other similar relation does not distinguish between the different material properties and behavior inside and outside the neck. It also brings out the so-called mesh-sanctified problem for the analysis of post-localization behavior. In order to overcome these drawbacks, a gradient-dependent flow stress [10] [11] is used here of the form σ = σ 0 ίε 0 + ε>ε'"-ο 1 |νε| 2 -ο 2 ν2ε,
where Ve is the first spatial gradient and V 2 e is the Laplacean of the effective strain ε. Gradient-dependent constitute equations of the form of (10) were first introduced by Aifantis [7] [8] in order to obtain the width of shear bands and dispense with the mesh-size sensitivity in the deformation softening regime. It was further elaborated upon by Aifantis and co-workers [9] [10] [11] [12] and by others (see recent reviews by Aifantis [13] [14] ) in the form of various models of gradient plasticity. In relation to the present problem of sheet metal forming and the construction of FLD, the gradient approach was first introduced by Shi, Gerdeen and Aifantis [15] in a technical report advocating the usefulness and potential of the theory in the sheet metal forming community. The results of this report were published by the first two of the aforementioned authors in [16] .
Analysis of Neck Evolution
The strain and stress ratios in the local x-y coordinate system are defined by 
The relations among them are then obtained from the flow rule as
Using these two ratios, the effective strain rate and stress can be expressed as follows
where
Using the incompressibility condition (8), (11) and (14), as well as the definition έ 2 = -h/h, we can obtain
Where h denotes the thickness of the plate (Figure 1 ). This relation is suitable for both the outside and inside of the imperfection regions. According to the equilibrium condition in the x-direction
we can find that m h.
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The above equations can be used to determine the neck profile and the corresponding deformation state inside and outside the neck region by the numerical scheme shown in Fig. 1 . For each element, the neck thickness can be found through (17) . The FLD is then determined by the initiation condition for localized necking.
Fig 1. Geometry of the sheet metal LIMIT STRAIN CORRESPONDING TO l.h.s FLD
When the ratio of the externally applied strains is negative β 12 = έ 2 /έ, < 0, the inclination of the localized neck coincides with the zero extension direction as suggested by Hill's bifurcation analysis [4] , In this case, Eq. (11) It is noted that, because Eqn. (26) is suitable for both the pre and post localization behavior of the sheet metal, the limit strain can be found numerically as the value of hA for which any further increment of the thickness of region Β will not result in an additional variation of the thickness in the uniform region A.
NECKING AND LIMIT STRAIN CORRESPONDING TO r.h.s FLD
For the biaxial tension state β12 = έ2/έ,>0, the localized necking takes place in the direction [5] perpendicular to the major strain, i.e., for ψ = 0. Therefore, the local x-y coordinate system coincides with the 1-2 principal coordinate system. In this case, we have ζ = ω = 0. 
the relation between the thicknesses inside and outside the imperfection can be obtained through the relationship
For a given value of β^ , the value of ß^ can be obtained by using Eqs. (28)-(31). The limit strain is again obtained at the value of h A for which any further increment of h^ will not result to an increment of h^ .
RESULTS AND DISCUSSION
In the following analysis, an imperfection is introduced into the sheet for triggering the evolution of necking. The initial thickness of the sheet varies along the x-direction according to the relation 
In the actual computation, the neck is divided into 200 elements in space. , and c = 0.24 . It is seen that the thickness of the uniform region decreases at a slower rate than the thickness reduction at the center of the neck. After a certain deformation, the thickness in the uniform region does not decrease anymore, despite the continued thickness reduction at the center of the necking region, which gives the corresponding value of the limit strain. However, if the strain gradient term is ignored, the limit strain is determined by the condition for which a small increment of strain in the uniform region will result in a dramatic increment of the strain at the center of the neck, which cannot give an exact value of the limit strain. The above behavior is depicted in Figures 2a-b and these results indicate the necessity of including strain gradient terms in the analysis of sheet metal forming.
Figures 3a-b show the evolution of necking in the sheet when it is deformed in the drawing mode. The results indicate the same behavior as in the case of bi-axial tension shown in Figures 2a-b. Figures 4a-b describe the postlocalization behavior of the deforming sheet. It is shown that after the initiation of localized necking, the thickness in the uniform region does not change, while the neck elongates in the width (major strain) direction. Figure 4b shows that the strain path in the neck deviates from linearity after the initiation of localized necking while the applied strain path in the uniform region still follows a linear path. Figures 5a-b show the effect of strain gradient coefficient on the evolution of necking. The relationship between the limit strain and the assumed initial imperfection amplitude is plotted in Figure 6 . It shows that the imperfection-sensitivity of the conventional M-K method is removed by using the present strain gradient approach. Figure 7 compares the experimental data with the calculated FLD by using the present gradient approach, which for the possibility of neck evolution, and by other approaches [18] . It is shown that the gradient approach gives a more realistic prediction of the formability of the sheet. Furthermore, by considering the strain gradient effect, the predicted FLDs, (i.e., curves C 3L and C 3N )are independent on the assumed initial imperfection. In the left side of the diagram, the necking strain curve serves as an upper bound. 
